ABSTRACT. This paper gives a classification of vector fields which are nowhere tangent to the fibers of a Seifert fibering.
INTRODUCTION
This paper gives a classification of horizontal vector fields on Seifert fiber spaces. Here, horizontal means that the vector field is nowhere tangent to the Seifert fibering. This work was inspired in part by the classification of horizontal foliations on Seifert fiber spaces [Nai94] . Depending on the geometry of the 3-manifold, the condition of having a horizontal vector field can be either more restrictive or less restrictive than having a horizontal foliation.
The key observation is that a horizontal vector field corresponds to a fiberpreserving map from the Seifert fiber space to the unit tangent bundle of the base orbifold. This map is explained in detail in the next section, but first we list out the possibilities based on the geometry of the base orbifold.
First and most interesting are Seifert fiber spaces where the base orbifold is a bad orbifold. These are lens spaces and each lens space L(p, q) supports infinitely many distinct Seifert fiberings.
Theorem 1.1. Consider the lens space L(p, q) with p ≥ 0. (1) If p = 0, then no Seifert fibering on L(p, q) has a horizontal vector field. (2) If p = 1 or p = 2, then every Seifert fibering on L(p, q) has a horizontal vector field. (3) If p ≥ 3 and q ≡ ±1 mod p, then L(p, q) has infinitely many Seifert fiberings which support horizontal vector fields and infinitely many which do not. (4) If q ≡ ±1 mod p, then no Seifert fibering on L(p, q) has a horizontal vector field.
We next consider Seifert fiberings where the base orbifold is elliptic; that is, the orbifold is finitely covered by the 2-sphere. Some of these spaces, such as the 3-sphere, are also lens spaces and are handled by the previous theorem.
Theorem 1.2. Suppose M is a Seifert fiber space with elliptic base orbifold and M is not a lens space. Then M has a horizontal vector field if and only if M is homeomorphic to the unit tangent bundle of the base orbifold.
Next consider Seifert fiber spaces over parabolic orbifolds. Such an orbifold is covered by the Euclidean plane and corresponds to a wallpaper group with only rotational symmetry.
Theorem 1.3. Suppose M is a Seifert fiber space with parabolic base orbifold. Then M has a horizontal vector field if and only if either (1) M is homeomorphic to the unit tangent bundle of the base orbifold, or (2) the base orbifold is a surface (either the 2-torus or the Klein bottle).
Section 5 explains both of the above cases in detail. Note that the two cases overlap when the base orbifold is a surface.
Finally, the most general case is for hyperbolic orbifolds. Theorem 1.4 was part of the original motivation for exploring the properties of these vector fields. In joint work with Mario Shannon and Rafael Potrie, we use this theorem to analyse partially hyperbolic dynamical systems on Seifert fiber spaces [HPS17] . The equivalence (2) ⇔ (3) in theorem 1.4 was proved by Barbot, extending a result of Ghys on circle bundles [Ghy84, Bar96] .
For an introduction to Seifert fiber spaces and 2-orbifolds, see [Sco83] . For lens spaces and the uniqueness or non-uniqueness of Seifert fiberings on a manifold, see [JN83, Hat07] . For a detailed treatment of the geometry of 2-orbifolds, see [Cho12] . In this paper, we consider orbifolds only in dimension two and only with cone points (also called elliptic points), and not with corner reflectors or silvered edges. In places, we use the orbifold notation of Thurston and Conley. For example, the 237 orbifold is a sphere with cone points of order 2, 3, and 7 added, and the 22× orbifold is the sphere with two cones points of order two and one cross-cap added.
GENERAL PROPERTIES
We first consider vector fields on standard fibered tori. Let D 2 be the open unit disk and, for a pair of coprime integers (a, b) with a > 0, define R ab :
as rotation by an angle 2πb/a in the first coordinate and rotation by −2π/a in the second coordinate. This defines a finite quotient
Consider the projection p : A Seifert fibering of a closed 3-manifold M is given by the fibers of a map from M to a 2-orbifold Σ. The unit tangent bundle U T Σ of the orbifold is a 3-manifold which naturally carries the structure of a Seifert fiber space. The local arguments in lemma 2.1 may then be adapted to prove the following global result. We may also show that the converse holds.
Proposition 2.3. A Seifert fibering M → Σ has a horizontal vector field if and only if there is a continuous map u
Proof. One direction is given by lemma 2.2. For the converse direction, first note that for any Seifert fibering M → Σ, one may construct a plane field transverse to the fibers, say by using a partition of unity. Then for any fiber-preserving map u : M → U T Σ, one may define a horizontal vector field v : M → T M by setting v(p) to be the unique vector in the plane at p which projects down to u(p).
Fiber-preserving maps must be of a specific form. 
Proof. Equip each of M 1 and M 2 with a metric so that every regular fiber has length exactly one. (The exceptional fibers will then have lengths 1/α i for integers α i > 1.) Consider a point x ∈ M 1 and let L 1 be the fiber through x and L 2 the fiber through u(x). Define length-preserving covering maps π 1 : R → L 1 and π 2 : R → L 2 and choose a liftũ :
There is then a unique function h : 
In a neighbourhood of a cone point, this is impossible, so Σ has no cone points and is a surface admitting a non-zero vector field. By the Poincaré-Hopf Theorem, Σ is either the torus, T 2 , or the Klein bottle, K . This situation is discussed in further detail in section 5.
The interval [t − 1/2, t + 1/2] was used in the above proof in order to handle the case where the fiber direction is not orientable. If M 2 is orientable, then in case (2) of the theorem, the covering implies that M 1 is orientable as well. Note that the unit tangent bundle of an orbifold always has a well-defined orientation, even if the orbifold itself does not.
For a Seifert fibering of a closed oriented 3-manifold, we adopt the conventions given in [JN83] and write the Seifert invariant as
We also write M (g ; (α 0 , β 0 ), (α 1 , β 1 ), . . . , (α k , β k )) to denote the 3-manifold equipped with this fibering. The integer g is the genus of the topological surface Σ 0 from which the orbifold was constructed (with g < 0 if Σ 0 is not orientable). The condition gcd(α i , β i ) = 1 holds for all pairs as otherwise the Seifert fibering is not well-defined. In general, β i /α i is allowed to be any rational number. Two invariants define the same fibering if and only if one can be transformed into the other by changes of the following form:
(1) adding an integer to one ratio β i /α i and subtracting it from another, (2) re-ordering the pairs (α i , β i ), and (3) inserting or removing pairs of the form (1, 0).
The Euler number of a fibering is defined as (2) of proposition 2.4 and where both manifolds are oriented. If M 1 has the invariant given by (2.5), then the d -fold covering of fibers implies that M 2 has invariant
For such a covering to exist, each α i must be coprime to d in order for the d -fold covering on each regular fiber to extend continuously to a d -fold covering on each exceptional fiber.
Consider the specific case where M 2 is the unit tangent bundle U T Σ. The orientation of U T Σ is determined by the condition that e(U T Σ → Σ) equals the Euler characteristic χ(Σ) of the orbifold. Further, the Seifert fibering
where Σ 0 is the underlying topological surface of Σ. See §5 of [EHN81] for details. The uniqueness conditions on Seifert invariants then give us a straightforward test for the existence of the covering.
Proposition 2.6. A Seifert fiber space M with invariant
(g ; (α 0 , β 0 ), (α 1 , β 1 ), . . . , (α k , β k ))
covers the unit tangent bundle of the base orbifold Σ, taking fibers to fibers, if and only if there is a non-zero integer d such that d · e(M → Σ) = χ(Σ) and
d β i /α i ≡ −1/α i mod Z for all i = 0, . . . , k.
LENS SPACES
We now consider Seifert fiberings on lens spaces. We state several properties here and refer the reader to [JN83] for further details. For coprime integers p and q, the lens space L(p, q) is defined by quotienting
by the Z/p-action generated by
and L(0, 1) = S 2 × S 1 to be lens spaces. We write M 1 ∼ = M 2 if there is an orientation-preserving diffeomorphism between oriented manifolds M 1 and M 2 . Then
When viewed as the unit tangent bundle of the real projective plane, the lens space L(4, 1) has a natural fibering by circles. Apart from this single special case, all other Seifert fiberings on lens spaces may be produced by gluing together two standard fibered tori and their Seifert invariants may be written in the form (0; (α 1 , β 1 ), (α 2 , β 2 )). The lens space is determined from the fibering by the following.
From this, we prove a number of results which together imply theorem 1.1. 
As is evident from the proof, lemma 3.2 also applies to the 2-sphere (α 1 = 1 = α 2 ) and to teardrop orbifolds (α 1 = 1 < α 2 ). 
This lemma then follows from propositions 2.3 and 2.6. Proof. We may rewrite theorem 3.1 as L(p, q) ∼ = M (0; (α 1 , β 1 ), (α 2 , β 2 )) if
and p is the determinant of the leftmost of these matrices. Inverting this matrix yields β
Note for an integer j that q = −1 + j p holds if and only if
In the proof of theorem 3.1 given in [JN83] , the Seifert invariant is used to define a matrix −q p r s having integer entries and determinant −1 and which represents the linear map that identifies the boundaries of the two solid tori that make up the lens space. This fact, taken with lemma 3.5, shows that the existence of a horizontal vector field depends not on the specific fiberings of the two standard fibered tori, but only on the gluing map between them.
For instance, consider the matrices 1 −3 0 −1 and −1 3 0 1 .
The gluing map associated to either matrix yields the lens space L(3, 1). For the gluing map associated to the matrix on the left, any choice of a standard fibering on one of the solid tori induces a standard fibering on the other solid torus (so long as the slope is not zero). Lemma 3.5 then implies that the fibering over the whole lens space has a horizontal vector field. Hence, there are infinitely many Seifert fiberings on L(3, 1) with a horizontal vector field. For the matrix on the right, lemma 3.5 implies that no fibering has a horizontal vector field. The obstruction is basically that such a vector field would have to rotate clockwise around fibers in one solid torus and counter-clockwise around fibers in the other. Hence, there are infinitely many Seifert fiberings on L(3, 1) without a horizontal vector field.
Matrices like the above can be constructed for any lens space L(p, ±1) with p ≥ 3. If |p| = 1 or |p| = 2, then any valid matrix for the gluing map satisfies q ≡ −1 mod p. Therefore, every Seifert fibering on L(1, 1) or L(2, 1) has a horizontal vector field. All together, the results of this section prove theorem 1.1.
ELLIPTIC ORBIFOLDS
We now consider a Seifert fiber space M over an elliptic orbifold Σ. The orbifold is finitely covered by S 2 and pulling back the fibering by the orbifold covering yields a Seifert fiber spaceM over S To prove theorem 1.2 by contradiction, we assume that M is not a lens space and d = 1. The 3-sphere double covers U T S 2 and so d = 2. The results in section 2 then imply that Σ has no cone points of even order. This rules out the 22p orbifold for any p ≥ 2 and the 23q orbifold for 3 ≤ q ≤ 5. The assumption that M is not a lens space rules out the case that Σ is the sphere with at most two cone points added.
For an elliptic orbifold, the only remaining possibility is that Σ is the real projective plane with at most one cone point added. The Seifert invariant is then of the form (−1; (α, β)) and proposition 2.3 implies that 
is an orientation-preserving isometry, then its derivative is of the form (x, θ) → (A(x), θ + θ 0 ) for some constant θ 0 . In some cases, this will commute with the d -fold self-covering; for instance, when A is a rotation by an angle θ 0 = There are exactly four non-orientable 3-manifolds with Euclidean geometry. (See §8.2 of [Orl72] .) Each of these has a Seifert fibering over K and therefore has a horizontal vector field. Two of the manifolds also have Seifert fiberings over T 2 which therefore also have horizontal vector fields.
Together, the results in this section prove theorem 1.3.
HYPERBOLIC ORBIFOLDS
The final class of orbifolds to consider are those with hyperbolic geometry. In contrast to the other cases, here it is relatively easy to find coverings M → U T Σ of degree d > 1. If Σ is a surface of genus g ≥ 2, then there is a cover of degree d for every factor d of χ(g ) = 2−2g . Even for orbifolds without handles, non-trivial covers are possible. If Σ is a hyperbolic orbifold, the geodesic flow on U T Σ is an Anosov flow and the flow is generated by a vector field which is horizontal. This flow lifts to any finite cover and is still Anosov on the cover. Ghys and Barbot showed that (up to orbit equivalency) every Anosov flow on a Seifert fiber space is of this form [Ghy84, Bar96] . This establishes the equivalence (2) ⇔ (3) in theorem 1.4. The equivalence (1) ⇔ (2) is a re-statement of the results in section 2.
HOMOTOPIES OF HORIZONTAL VECTOR FIELDS
For a given Seifert fibering M → Σ, consider the space of all horizontal vector fields. What are the connected components of this space? That is, when can one vector field be deformed into another along a path of horizontal vector fields? For simplicity, we only consider this in the case where the base orbifold Σ is oriented. By proposition 2.3, the question reduces to studying homotopy classes of maps of the form 
MANIFOLDS WITH BOUNDARY
In this final section, we consider Seifert fiberings on manifolds with boundary. First, consider the case where there are boundary conditions for the vector field. We could require that the vector field be either tangent or transverse to the boundary and the resulting restrictions on M will be the same. Proof. We show (2) ⇔ (3). The proof of (1) ⇔ (3) is similar and left to the reader. Note that proposition 2.4 holds for manifolds with boundary using the same proof. Suppose M supports a horizontal vector field which is everywhere transverse to ∂M and consider the associated map u : M → U T Σ. For a point x ∈ ∂Σ, the restriction of u to the fiber over x cannot be surjective as its range omits the two unit vectors at x which are tangent to ∂Σ. This implies that u has degree zero and proposition 2.4 shows that u is homotopic to a composition M → Σ → U T Σ. In the proof of the proposition, the vector field Σ → U T Σ is defined by averaging and one can verify that is it transverse to ∂Σ. Further, the same argument as given in section 2 shows that Σ has no cone points and is therefore a surface with boundary. The Poincaré-Hopf theorem then implies that Σ is either the annulus or Möbius band.
Conversely, for any circle bundle over an annulus or Möbius band, we may compose the projection M → Σ with a vector field Σ → U T Σ transverse to ∂Σ and produce a horizontal vector field on M transverse to ∂M .
For the remainder of the section, we consider horizontal vector fields with no boundary conditions. (1) the base orbifold Σ is a surface with boundary, or (2) M finitely covers the unit tangent bundle of Σ.
To prove this, we use the following.
Lemma 8.3. An orbifold with boundary supports a non-zero vector field if and only if it has no cone points (i.e., it is a surface with boundary).
Proof. As noted earlier, it is impossible to define a section u : Σ → U T Σ in the neighbourhood of a cone point and so the existence of such a u implies that Σ is a surface with boundary. Conversely, if we have no boundary conditions, we may construct a non-zero vector field on any surface with boundary. For instance, we may take a generic vector field on a closed surface. This is zero at finitely many points [Pei62] , and we can excise one or more topological disks to remove all of these points.
Using this lemma and adapting the results of section 2, it is straightforward to prove theorem 8.2.
For a manifold with boundary, write the Seifert invariant as (g , n; (α 0 , β 0 ), (α 1 , β 1 ), . . . , (α k , β k ))
where n > 0 is the number of boundary components. We can reorder the pairs, add or remove pairs of the form (1, 0), and (specifially for ∂M = ∅) add an integer to any of the ratios β i /α i without changing the fibering. Because of this, the Euler number e(M → Σ) is not defined. See §2 of [Hat07] for more details. By adapting arguments in section 2 one can prove the following analogue of proposition 2.6. Note that the condition d · e(M → Σ) = χ(Σ) has been removed. Even with the Euler number condition removed, it may not be possible to find a horizontal vector field. Consider, for instance (g , n; (3, 1), (3, 2)). No integer d satisfies 
